We discuss the footprint of evaporation of primordial black holes (PBHs) on stochastic gravitational waves (GWs) induced by scalar perturbations. We consider the case where PBHs once dominate the Universe but eventually evaporate before the big bang nucleosynthesis. The reheating through the PBH evaporation could end with a sudden change in the equation of state of the Universe compared to the conventional reheating caused by particle decay. We show that this "sudden reheating" by the PBH evaporation enhances the induced GWs, whose amount depends on the length of the PBH-dominated era and the width of the PBH mass function. We explore the possibility to constrain the primordial abundance of the evaporating PBHs by observing the induced GWs. We find that the abundance parameter β 10 −5 -10 −8 for O (10 3 -10 5 ) g PBHs can be constrained by future GW observations if the width of the mass function is smaller than about a hundredth of the mass.
I. INTRODUCTION
Primordial black holes (PBHs) [1] [2] [3] have been gathering interests for many years despite its lack of observational evidence. This is particularly because of their rich phenomenology in Cosmology for a wide range of their masses. Depending on their mass range, PBHs that survive until today ( 10 15 g) could explain dark matter [4] [5] [6] , the gravitational waves (GWs) from the black hole (BH) mergers detected by LIGO/Virgo [7] [8] [9] , the microlensing events in the OGLE data [10] (see also Ref. [11] for a review), and cosmic structures such as the seeds of supermassive BHs [12, 13] . On the other hand, tiny PBHs that had evaporated before the big bang nucleosynthesis (BBN) ( 10 9 g) could generate the baryon asymmetry [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] , produce dark matter particles [23] [24] [25] , and relax the Hubble tension [26] [27] [28] .
Following the first detection of GWs from O (10)M blackhole mergers, observational constraints on PBHs for a wide range of their masses have been reconsidered. For PBHs with M PBH > 10 9 g, there are a number of constraints on the abundance of PBHs, which are considered as robust [11, 29, 30] . Even evaporating PBHs in this mass range can be constrained by the null detection of the extragalactic or galactic cosmic rays from Hawking radiation and by their effects on the BBN and the cosmic microwave background (CMB) [29, 30] .
However, conservative constraints on the tiny PBHs with M PBH < 10 9 g are still lacking. The constraints are so weak that it is even possible that the PBHs dominate the energy density of the Universe before they evaporate. There exist few attempts to probe this mass regime in the literature. One could constrain the PBH abundance by the overproduction of dark matter through the PBH evaporation [31] [32] [33] . However, it strongly depends on the nature of dark matter and cannot be applied directly to, e.g., axion or PBH dark matter. Also, if the PBH evaporation generates baryon asymmetry of the Universe [14-23, 34, 35] , or if the baryon asymmetry is generated after the evaporation of PBHs, the constraint from the entropy production [35] is not applicable.
Despite the difficulty of investigating the tiny PBHs, the production of them is predicted in the context of the hybrid inflation [36] (see also Refs. [37, 38] ), the inflation model with the Chern-Simons coupling between the inflaton and gauge fields [39, 40] , and the preheating after inflation [41, 42] . In particular, the hybrid inflation is an attractive model in view of the see-saw mechanism and leptogenesis [43, 44] . In this sense, the tiny PBHs could give us hints on not only the early Universe but also particle physics models.
In this paper, we shed light on the tiny PBHs in terms of GWs. Once GWs are produced by some mechanism, they are not erased by the frictions with other matter species unlike the radiation perturbations, so GWs can be a good probe of the tiny PBHs. However, GWs emitted through the Hawking radiation [45] [46] [47] and mergers of the tiny PBHs [48] have very high frequencies. This is because, for tiny PBHs, the Hawking temperature is high and the typical length scale of the PBH binary is short. It is unlikely to detect such high-frequency GWs by the near-future GW observations (see also Appendix A).
Throughout this paper, we instead focus on the GWs induced by the scalar (curvature/density) perturbations which are related to the tiny PBHs and can be detected by the future observations. The scalar perturbations can be a source of GWs through their interactions appearing at the second order in perturbations [49] [50] [51] [52] [53] [54] [55] . The induced GWs have recently attracted a lot of attention because the induced GWs can be used to investigate the small-scale (k > 1 Mpc −1 ) perturbations, which are difficult to be accessed by CMB observations but can produce PBHs.
The induced GWs can be strong in the following two cases: (1) the primordial scalar perturbation is large, and (2) the scalar perturbation grows dynamically. In our sce-nario, the first case corresponds to the large scalar perturbation required to have a sizable amount of tiny PBHs. The induced GWs are generated when the enhanced scalar perturbation responsible for the PBH formation enters the horizon. Hence the peak frequency of the induced GWs has one to one correspondence to the PBH mass. Because of this fact, the peak frequency for the tiny PBHs (M PBH < 10 9 g) is still high (see Appendix A).
The second case involves an early matter-dominated (eMD) era which precedes the standard radiationdominated (RD) era. During the eMD era, density perturbations grow on the subhorizon scales, and the gravitational potential (hence the source term of the induced GWs) does not decay on the subhorizon scales [53, 81] . If the time scale of the reheating transition from the eMD era to the RD era is sufficiently short, the gravitational potential on the subhorizon scales starts their fast oscillations with an unsuppressed amplitude since there is no time for it to decay. In this case, strong GWs are induced after the sudden reheating transition even if the power spectrum of the primordial curvature perturbations is almost scale invariant (i.e. with no ad hoc enhancement in the initial condition) [73] . Note that the fast oscillations of the gravitational potential in the RD era are caused by sound waves in the thermal bath, which is produced after the sudden disappearance (or "demise") of the matter field. For this reason, we call this mechanism the Poltergeist mechanism for GW production.
Indeed, the sudden reheating transition can be realized in the PBH-dominating scenario. A key property of evaporating PBHs in this context is that the evaporation process becomes faster and faster once it sets in because of the negative specific heat of a BH. If the PBHs come to dominate the Universe by the time when this explosive event happens, the equation of state for the Universe can change suddenly at the end of evaporation depending on how sharp the PBH mass function is. Since the PBH-dominated era behaves as an eMD era, the evaporation of the PBHs leads to a sudden transition from the eMD era to the RD era. For this reason, we expect that tiny PBHs can trigger the Poltergeist mechanism: after the sudden evaporation of PBHs, the "ghost" of PBHs makes merry in the thermal bath producing strong GWs. In addition, the induced GWs are enhanced at least for modes that enter the horizon by the end of the reheating. This is a macroscopic wavelength of a fluid composed of many tiny PBHs, and therefore the induced GWs can have the frequencies lower than those of the other types of GWs mentioned above. Thus, they can be detected by near-future GW observations if the enhancement is sufficiently large. For this reason, we focus on the GWs induced by the Poltergeist mechanism to investigate the tiny PBHs throughout this paper.
We study how large the enhancement of the induced GWs by the Poltergeist mechanism can be by taking into account the finite duration of the evaporation/reheating process. We also discuss novel observational consequences of the enhanced production of GWs from PBH evaporation. Assuming the (almost) scale-invariant power spectrum for the scalar perturbations P ζ ∼ 10 −9 conservatively, we estimate the spectrum of the enhanced GWs as a function of the PBH mass, its abundance (formation probability), and the width of the mass function both numerically and analytically. Utilizing such relations, we discuss prospective constraints on the primordial abundance of evaporating PBHs, which are accessible by future GW observations, such as LISA [82] [83] [84] , DECIGO [85, 86] and BBO [86, 87] .
This paper is organized as follows. In Sec. II, we review the PBH-dominated era. In particular, we see why the evaporation of PBHs ends with a sudden transition compared to the conventional reheating. In Sec. III, we discuss the evolutions of scalar perturbations, focusing on the evolution of the gravitational potential, which is the source of the induced GWs, during the transition from the PBH-dominated era to the RD era. In Sec. IV, we discuss the GWs induced by the scalar perturbations that have experienced the PBH-dominated era on subhorizon scales. Note that, until Sec. IV, to show the essential points of the Poltergeist mechanism, we assume the monochromatic PBH mass function for simplicity. Then, we take into account the finite width of PBH mass function and discuss how it affects the induced GWs in Sec. V. In Sec. VI, we discuss the prospective constraints on the PBH abundance from the future GW observations. Finally, we conclude this paper in Sec. VII.
Throughout this paper, we assume that the evaporation of PBHs does not leave any relics. 1 As a convention, we use the reduced Planck mass (M Pl ≡ 1/ 8πG) instead of the gravitational constant. In addition, we use the word "reheating" to represent the reheating caused by the PBH evaporation (not the reheating caused by inflaton decay) unless otherwise noted.
II. PBH-DOMINATED ERA
The cosmological scenario we consider is as follows. After inflation and (p)reheating of the Universe caused by inflaton decay/annihilation, the Universe is filled with radiation. In this early radiation-dominated (eRD) era, a PBH is supposed to form when a rare and large perturbation mode enters the Hubble horizon. PBHs behave as non-relativistic matter, so they would eventually dominate the energy density of the Universe if they were stable. Since PBHs are quantum-mechanically unstable due to the Hawking radiation, it depends on the initial abundance whether they dominate the Universe or not. We are interested in the case where PBHs do dominate, and the condition for the domination is shortly reviewed below. The PBH-dominated era serves as an eMD era. It ends via the evaporation of PBHs. Thus, the evaporation of the PBHs can be regarded as the reheating transition from the eMD era to the standard RD era. The subsequent evolution of the Universe is the same as in the standard cosmological scenario. In this scenario of PBH domination and evaporation, there are various mechanisms to produce GWs, which are reviewed in Appendix A.
We can easily generalize our discussion, e.g., to the cases of PBH formation in another matter-dominated (MD) era (e.g. during inflaton coherent oscillation) or PBH formation by phase transitions etc., but we do not do so here for simplicity. In the rest of this section, we summarize various relations in the PBH-dominated era, which are useful in the subsequent sections.
A. PBH evaporation
Let us start with the governing equation of the PBH evaporation. The mass of a PBH obeys [26] dM PBH 
where A is given as
Pl 480 .
(2) G 3.8 is the gray-body factor and T PBH is the Hawking temperature of the PBH [92] T PBH = M 2 Pl M PBH 1.05 × 10 9 GeV M PBH 10 4 g −1 .
(
g H * (T PBH ) is the spin-weighted degrees of freedom of the particles produced from the Hawking radiation with T PBH , whose concrete value is given as [26] g H * (T PBH ) 108 (T PBH 100 GeV ↔ M PBH 10 11 g) 7 (T PBH 1 MeV ↔ M PBH 10 16 g) .
The temperature dependence comes from the fact that the Hawking radiation cannot efficiently produce the particles heavier than the Hawking temperature (m T PBH ). Solving Eq. (1), we can derive the time dependence of the PBH mass as
where the subscript "eva" indicates the value when the PBH completes the evaporation. We will express t eva as temperature in Eq. (7) . Since we focus on tiny PBHs with M PBH < 10 9 g throughout this paper, we take g H * = 108 and consider A to be time-independent. Assuming the monochromatic PBH mass function, we can express the decay rate as
where this decay rate is defined so that Γρ PBH represents the energy flow from the PBHs to radiation per unit time and volume. Note again that we discuss the effects of the finite width of PBH mass function in Sec. V. Now it is clear that, in contrast to the perturbative decay of heavy particles, the decay rate grows towards the completion of the evaporation t → t eva , implying that this process is more sudden than the conventional reheating. By using the relation H = 2/(3t ), one may express the evaporation time t eva as the reheating temperature, which is given by [26] 2, 3 T R 2.8×10 4 GeV M PBH,i 10 4 g −3/2 × g H * (T PBH ) 108 1/2 g * ,eva
where the subscript "i" represents the initial value (at the PBH production). g * is the relativistic effective degrees of freedom, which should not be confused with g H * . The temperature dependence of g * is given in Refs. [94, 95] . For later convenience, we express the inverse horizon scale at the reheating as a function of reheating temperature [73] : (9) or by its inversion as 
where ρ represents the energy density, H is the Hubble parameter, and M eq ( 5.9 × 10 50 g) is the horizon mass at the late-time equality time (z ∼ 3400). Here we do not take into account the effects of the critical collapse phenomena on the PBH mass [96] [97] [98] [99] for simplicity. (We will briefly come back to this point in the conclusion section, Sec. VII.) γ is the fraction of the PBH mass in the horizon mass at the formation, which is analytically estimated as γ ∼ (1/ 3) 3 ∼ 0.2 for the PBH production during a RD era [3] . We take γ = 0.2 as a fiducial value in the following.
Finally, we discuss the initial PBH abundance at the production required to have the PBH-dominated era and the relation between the PBH abundance and the length of the PBH-dominated era. For this purpose, let us start with the evolution of the energy density of PBHs
where we have used the entropy conservation law. On the other hand, the radiation energy density can be written as
Using these relations, we can express the initial PBH fraction as
where ρ tot represents the total energy density. In the second line, we have assumed that the radiation dominates the total energy density at the PBH production. Note that the initial PBH fraction β can also be interpreted as the PBH formation probability in a given Hubble patch. Since we focus on the early Universe, g * = g s * is satisfied. Now one can easily see that the PBH-dominated era, ρ PBH > ρ r , can be realized when the initial PBH fraction satisfies
where T R /T i can be evaluated from Eqs. (7) and (10) as T R T i = 6.5 × 10 −10 T i 4.3 × 10 13 GeV 
Recall that T i represents the temperature of the Universe at the PBH production. The ratio β/β min is related to the energy density at the reheating β β min = T eq,1 T R = g * ,eva g * ,eq,1 1/4 ρ PBH,eq,1
where the subscript "eq, 1" represents the value when ρ PBH = ρ r is satisfied at the beginning of the PBHdominated era. This equation implies that the length of the PBH-dominated era is related to the PBH fraction β β min g * ,eva g * ,eq,1
where we have used the approximated relation [100] a a eq,1 2 − 1 2 η η eq,1 2 for η eq,1 η ≤ η eva .
The conformal time is given by η = dt /a. Note that Eq. (17) is valid for η eq,1 η eva . Using the abundance β, we can express the wavenumber corresponding to the PBH formation scale in terms of the PBH mass. Taking into account the presence of the PBHdominated era (assuming β > β min ), it is given by 
where T eva ( = T R ) is the temperature just before the evaporation when we regard the evaporation as a sudden event.
In the second line, we have omitted the g * dependence to have a simple expression (we have assumed g s, * (T i ) = g s, * (T eq,1 ) = g s, * (T eva ) = g s, * (T R ) 106.75) . Note that the PBH evaporation causes the entropy production and therefore k i depends on β. Comparing the scales associated to the PBH formation (Eq. (19) ) and to the PBH evaporation (Eq. (8)) , we see that the GWs induced right after the evaporation have a smaller typical frequency than those produced by other mechanisms.
III. EVOLUTIONS OF SCALAR PERTURBATIONS
Since the enhancement of GWs strongly depends on the oscillation amplitude of the scalar perturbations after the reheating transition (i.e. evaporation), we discuss the evolutions of the perturbations around the transition here. The results in this section are used in the next section to calculate the induced GWs.
A. Formulas and numerical results
In this subsection, we introduce the formulas to calculate the perturbations and show the numerical results. The metric perturbations in the conformal Newtonian gauge can be written as
where h i j is the tensor perturbation, which satisfies h i i = 0 and ∂h i j /∂x i = 0. In the synchronous gauge, they can be written as
where, in Fourier space, H i j =k ik j γ + (k ik j − 1 3 δ i j )6 . 5 As we will introduce in the next section, we use the formulas for the induced GWs which are derived in the conformal Newtonian gauge. In addition, since we focus on the early Universe, we can assume that there is no anisotropic stress and take Ψ = Φ. Therefore, all we need to understand is the evolution of the gravitational potential Φ around the transition. In this paper, to make discussion easier, we first calculate the perturbations in the synchronous gauge, and then, we transform them to quantities in the Newtonian gauge. This is because, in the synchronous gauge, the decay rate (PBH evaporation rate) does not depend on the spatial coordinates, and therefore the situation is simpler than that in the Newtonian gauge. The situation of the PBH evaporation is similar to the decaying dark matter scenario, and we express the PBH quantities as non-relativistic matter quantities, e.g. ρ PBH → ρ m to match the convention used in Ref. [102] .
First, we discuss background quantities. The Friedmann equation reads
where the comoving Hubble parameter is defined by H = a /a with a = da/dη. The derivatives of background quantities are given by [102] 5 γ and correspond to h and η in Ref. [101] , respectively.
where ρ m and ρ r are the energy densities of the nonrelativistic matter (PBHs) and radiation. Note here that −d ln M PBH /dη is the PBH decay rate per conformal time aΓ where Γ via evaporation is given in Eq. (6) . Next, we discuss the perturbations in the synchronous gauge. Here, we introduce the perturbation as δ = δρ/ρ where δρ is the perturbed energy density. The fluctuation δρ m originates from the fluctuation of the number density of PBHs. We also introduce the velocity divergence θ ≡ ∂v i /∂x i where v i is the fluid velocity, and take the coordinates that always satisfy θ m = 0 [101] . Then, we obtain the following equation [102] :
For radiation perturbations, we get
where we have neglected the anisotropic stress. The equations of motion for the metric perturbations are given by [101] 
Following Ref. [101] , we take the initial conditions of the perturbations as follows:
where the coefficient C is related to the curvature perturbations as C = ζ/2 on superhorizon scales. Since the initial conditions are derived by assuming a RD era in Ref. [101] , we start the numerical calculation much before the PBHdominated era starts. Ψ in the conformal Newtonian gauge is related to and γ in the synchronous gauge as
with α ≡ (6 + γ) /(2k 2 ). Note again that we can safely take Ψ = Φ in the regime of our interest. We numerically calculate the perturbations around the transition which are governed by Eqs. (23)- (30) . Then, by using the transformation in Eq. (31), we acquire the time evolution of the gravitational potential Φ in the Newtonian gauge. Figure 1 shows the evolutions of the energy densities and the transfer function of the gravitational potential. The transfer function is defined as the gravitational potential that is normalized as Φ = 10/9 on the superhorizon scales during the eRD era that precedes the PBH-dominated era. This normalization corresponds to that taken in Ref. [73] .
Here, we define η eq,2 as the equality time, satisfying ρ m = ρ r , around the reheating (η eq,1 < η eq,2 ). The difference between η eq,2 and η eva is very small in Fig. 1 and therefore we can use the two conformal times interchangeably when we estimate the order of magnitude of the induced GWs, which is one of the goals of this paper. From this figure, we can also see that the gravitational potential slightly decays at the reheating (∼ η eq,2 ) and starts to oscillate with the amplitude of Φ ∼ O (0.1) after the reheating. Note that, if the transition is exactly sudden, the gravitational potential does not decay during the transition [73] . In this sense, the reheating is not completely sudden, but more sudden than that in the case with a constant decay rate, discussed in Ref. [72] .
We can also see that the gravitational potential for a small scale k = 450/η eq,2 is less than unity even before η eq,2 . This is because this perturbation reenters the horizon so early that the Universe has not yet been completely dominated by PBHs. Therefore, the perturbation decays a little bit until PBHs dominate the Universe.
B. Wavenumber dependence of the suppression of gravitational potential
The enhancement of the induced GWs is caused by the fast oscillations of Φ after the transition [73] . Since the power spectrum of the GWs depends on the fourth power of Φ, it is essential to estimate its oscillation amplitude precisely. For this purpose, we define the normalization factor S(≤ 1) as the amplitude of Φ when it starts to oscillate around η eva as in Fig. 1 (see also Fig. 2 below) . Namely, this factor S characterizes how sudden the transition is. Roughly speaking, S is close to unity when the perturbation enters the horizon during the completely PBH-dominated era and the reheating transition is sudden, while it becomes small when the perturbation enters the horizon before the PBHdominated era or when the reheating transition is gradual. In the first half of this subsection, we derive an analytic approximation formula for the normalization factor. In the latter half, it is numerically computed, and they are compared with each other.
Let us start with a discussion on the wavenumber dependence of the normalization factor S. First, we focus on the suppression occurring soon after the horizon entry. A corresponding example in Fig. 1 is shown in the cyan dashed line, i.e. Φ with k = 450/η eq,2 around η/η eq,2 0.01. This suppression occurs because of the remaining energy density of radiation around η ∼ η eq,1 . After the energy density of PBHs becomes much larger than that of radiation, the gravitational potential becomes constant (the plateau in Fig. 1 ). The evolution of the perturbations during the transition from the eRD era to the PBH-dominated era is the same as that during the transition from the late RD era to the late MD era at z ∼ 3400. The wavenumber dependence of the constant value of the gravitational potential during the PBH-dominated era, whose transfer function is dubbed Φ plateau , can be fitted by the following function [103, 104] :
where x eq,1 ≡ kη eq,1 and Φ plateau is normalized as Φ plateau (x eq,1 → 0) → 1.
Next, we discuss the decay of the gravitational potential during the reheating. According to Ref. [72] , the decay of Φ during the transition can be approximated as
where t i ( t eva ) is the time at the PBH formation, and we have used Eq. (6) . After a while, Φ stops to follow Eq. (33) as shown in Fig. 1 since Φ decouples from the matter pertur-bation. Then, it starts to oscillate with its amplitude decaying relatively slowly (∼ a −2 ). Since Eq. (33) is derived with the assumption |Φ| k 2 /(3a 2 )|Φ| as a necessary condition, we expect that the decoupling occurs when or before the inequality becomes invalid. This means
where the dot represents a derivative with respect to t and t dec is the decoupling time. Then, we can define the lower bound of the normalization factor S(k) as
where we have used the relation ηa = 3t , valid during the PBH-dominated era.
In the following, we compare the above analytic estimations with numerical calculations. In the RD era after the reheating due to PBH evaporation, the evolution of the gravitational potential is given as the solution of the following equation [100] :
To quantify the decay during the transition, we define the fitting formula for Φ as
with x = kη. Here S and x 0 are fitting parameters, which describe the suppression of Φ before its oscillation and the start time of the oscillation, respectively. J (x) and Y (x) are independent solutions for Eq. (36) , which can be written with the first and second spherical Bessel functions, j 1 (x) and y 1 (x), as
We determine the coefficients A(x 0 ) and B (x 0 ) so that Φ(x 0 ) = S and Φ (x 0 ) = 0:
Note that, if the transition is exactly sudden as discussed in Ref. [73] , the approximation formula with x 0 = x R and S = Φ plateau fits the numerical result, where x R = kη R and η R is the conformal time at the sudden-limit reheating. From this, we expect that x 0 kη eva fits the numerical results well in the situation we consider here. In fact, by numerically finding the optimal value of x 0 , we confirm x 0 kη eva . Figure 2 shows the numerical result and the approximation formula with the fitted parameters. We can see that the approximation formula agrees with the oscillation part of the numerical result. 
FIG. 2.
The evolution of Φ with k = 450/η eq,2 , stretched around the transition. The numerical result and the fitting formula for the oscillation, given in Eq. (37) , are plotted with a cyan dashed and a brown dotted line, respectively. S = 0.108 and x 0 = 236 are taken as the fitted parameters. The normalization factor S(= 0.108) is also plotted with a red solid line. Figure 3 shows the wavenumber dependence of the normalization factor with different lengths of the PBHdominated era, characterized by η eq,2 /η eq,1 = 1000, 225, and 75. The lower bounds (dashed lines; Eq. (35)) and the numerical results (solid lines; Eqs. (37)-(40)) are compared. We can see that the normalization factor is close to its lower bound for k 2/η eq,1 . The difference between the numerical result and the lower bound is less than 20% at k = 2/η eq,1 for 75 < η eq,2 /η eq,1 < 1000. It becomes smaller for a larger k.
IV. GRAVITATIONAL WAVES INDUCED BY SCALAR PERTURBATIONS
In this section, we discuss the GWs induced by the scalar perturbations that experience the PBH-dominated era. As a byproduct, we develop a method to estimate the induced GWs in the presence of the sudden reheating from an eMD era with a finite duration, which is preceded by an eRD era. Such multiple changes of the equation-of-state for the Universe is naturally realized in the case of a PBH-dominated era, but one can consider other cases such as moduli domination. Some of the techniques and results in this and the subsequent sections, including the estimate on how sudden the transition should be for significant enhancement of GWs, are also applicable to such general cases.
In the following, we consider the induced GWs in the conformal Newtonian gauge and assume that the curvature Wavenumber dependence of the normalization factor with η eq,2 /η eq,1 = 1000 (blue, top), 225 (orange, middle), and 75 (green, bottom). Solid lines show the numerical results, and dotted lines show the lower bounds of the normalization factor S low (see Eq. (35)).
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perturbations follow the Gaussian distribution for simplicity. 6
A. Basic formulas
Here, we briefly summarize the formulas for the induced GWs which are introduced in Ref. [73] , though some of them are modified to fit the situation of the reheating by the PBH evaporation. For the moment, we regard the PBHdominated era suddenly ends at η eva ( η eq,2 ) for simplicity (see Fig. 1 ). We will explain how to take into account the fact that it is not completely sudden later (below Eq. (49)).
Since the scale factor and the Hubble parameter are continuous at η eva , their time dependences can be expressed as [100] a(η) a(η eq,1 ) =
where η * = η eq,1 / 2 − 1 . The energy density parameter of 6 The gauge (in)dependence of the induced GWs is discussed in Refs. [105] [106] [107] [108] [109] [110] [111] and the effects of the non-Gaussianity are discussed in Refs. [60, 63, 112, 113] .
the induced GWs per logarithmic interval in k is given by
where P h (η, k) is the time-averaged power spectrum of GWs, which is related to the power spectrum of the curvature perturbations as [56, 59] 
describes the evolution of the scalar perturbation and can be expressed as
where x eva = kη eva . G k (η,η) is the Green function satisfying the following equation:
where the prime denotes the derivative with respect to η, notη. The function f (u, v,x, x eva ) in Eq. (45) is expressed with the transfer functions of the gravitational potential (Φ) as
where w is the equation-of-state parameter, defined as w ≡ P /ρ with P being the pressure. We take the same normalization of Φ as in Fig. 1 (Φ(x → 0) = 10/9). Note that Φ(x) also depends on x eva implicitly, so, e.g., Φ(ux) actually means Φ(ux, ux eva ). The evolution of the transfer function is discussed in Sec. III. If there is a PBH-dominated era in the early Universe, the dominant contribution comes from the fast oscillations of Φ at η > η eva [73] . For the perturbations entering the horizon much before the reheating where kη eva 1, the last term in Eq. (47) dominates because it behaves as H −2 (Φ ) 2 ∼ (kη eva ) 2 Φ 2 soon after the reheating. Then, the enhanced source term leads to the amplification of the induced GWs. This is the Poltergeist mechanism (see also Ref. [73] for a detailed explanation of the enhancement of the induced GWs).
A more physical explanation of the Poltergeist mechanism is given as follows. During the PBH-dominated era, the density perturbations grow proportionally to the scale factor, and the scalar source term for each k is kept constant even for the subhorizon modes. The density perturbations are nothing but the PBH number-density fluctuations, so they do not oscillate. After the reheating by the PBH evaporation, PBHs and their fluctuations are converted to radiation and its fluctuation. The fluctuation of radiation is nothing but the sound waves of the thermal bath. These sound waves oscillate with their enhanced amplitudes because the density perturbations have grown until the evaporation and they do not have enough time to decay because of the sudden transition. When the sources oscillate, there is generally a possibility of resonance. In fact, the dominant contribution to the induced GWs on small scales comes from the resonant production. (The resonance condition is also explained in Appendix D.) Note that the resonance can only happen in the RD era simply because the density perturbations, as well as the gravitational potential, do not oscillate during the eMD era. This clearly highlights the fact that the GW production by the Poltergeist mechanism occurs after the PBH evaporation in contrast, e.g., to the GWs emission by Hawking radiation. There are nonzero contributions from the eMD era [53, 72, 81] , but they are subdominant in the sudden transition case [73] .
From these observations, we neglect the contribution during η < η eva in the following and approximate the function I (u, v, k, η, η eva ), defined in Eq. (45), as [73] 
where the Green function during the RD era is given as
The enhancement of the induced GWs for the exactly sudden reheating is discussed in Ref. [73] . The main difference between the exactly sudden reheating scenario and the almost sudden reheating scenario, caused by PBH evaporation, lies in the normalization factor S. In the case of the exactly sudden reheating, there is no suppression during the reheating, and therefore the wavenumber dependence of the normalization factor only comes from Φ plateau as S = Φ plateau . On the other hand, in the case of the reheating caused by the PBH evaporation, the wavenumber dependence also comes from the suppression during the reheating transition, as shown in Sec. III (see Fig. 3 ). It is not important whether the wavenumber dependence of the gravitational potential originates from the primordial curvature perturbations or from the dynamics related to the evaporation because the Poltergeist mechanism takes place after the PBH evaporation. Therefore, we can easily take into account the wavenumber dependence of S by modifying the power spectrum in Eq. (44) as P ζ (k) → S 2 (k)P ζ (k) and the transfer function in Eq.
Although this expression describes the transfer function only for η > η eva , it is sufficient to calculate the main contribution to the induced GWs, which comes from the fast oscillations of Φ after the reheating. Note that when we perform the numerical calculation, we use S low (k) on the scale satisfying S low (k) < 1 instead of the exact value of S(k) for simplicity. This is a good approximation because the main source of the GW enhancement is the scalar modes with the shortest wavelengths in the problem (k cut 2/η eq,1 where the cutoff scale k cut is introduced in the next subsection) [73] , and S low (k) for such wavelengths is close to the exact value as shown in Fig. 3 .
The production of the GWs due to the fast oscillations of Φ becomes inefficient after a while because the oscillation amplitude decays proportionally to a −2 . We define the conformal time when the induced GWs become constant as η c , where η c is O (η eva ), much earlier than the late-time equality time. Once the induced GWs are produced, their energy density behaves as the radiation energy density as ρ GW ∝ a −4 . Therefore, if we take into account the suppression of the energy density parameter of the induced GWs due to the late-time evolution (z 3400), the energy density parameter at the present time is given as [114] Ω GW (η 0 , k)h 2 = 0.39 g * ,c 106.75 (51) where the subscript "c" means the value at η c and Ω r,0 h 2 4.2 × 10 −5 is the current energy density parameter of radiation. 7
B. Amount of the induced GWs
In this subsection, we show how large the enhancement of the induced GWs is. We assume the following primordial power spectrum for the curvature perturbations:
where A s is the normalization, n s is the tilt, k * is the pivot scale, and k cut is the cutoff scale. To derive a conservative result, we take the non-linear scale k NL , on which the matter perturbations δ m becomes unity at the reheating, as k cut . 8 We explain how to derive the non-linear wavenumber in Appendix C. We leave the study about the GWs induced by the non-linear perturbations with k > k NL for future works. 9 Since the normalization factor S has the wavenumber dependence as ∼ k −7/3 for k 2/η eq,1 up to the logarithmic factor and the dominant contribution comes from the small scale 2/η eq,1 k k NL , the effective tilt of the power spectrum S 2 P ζ can be approximated as ∼ k n s −1−14/3 . Using this value of the effective tilt and the formulas given in the appendix of Ref. [73] , we can analytically estimate the value of Ω GW around the resonance peak as
where
See Appendix D for the derivation of Eq. (53) . Note that the second line in Eq. (53) is just a factor that takes into account the non-linear cutoff scale, and it reduces to 1 and 0 for k ≤ 2k NL /(1 + 3) and k ≥ 2k NL / 3, respectively, smoothly interpolated in between. The solid lines show the energy density parameters of the induced GWs normalized by A 2 s . We take η eq,2 /η eq,1 = 1000 (top), 225, 100, and 75 (bottom) and assume n s = 1 for all plots. We also plot the approximate expressions for the resonance peak, given in Eq. (53), with dotted lines.
In Fig. 4 , we show the numerical results of the energy density parameter of the induced GWs normalized by A 2 s . The spectrum has a unique shape. For the case of the blue (top) line (η eq,2 /η eq,2 = 1000), the spectral shape is similar to the sudden transition limit in Ref. [73] . For example, the spectral index has values 0, 3, 1, and 7, approximately in kη eq,2 0.01, 0.01 kη eq,2 1, 1 kη eq,2 100, and 100 kη eq,2 500, respectively (see Fig. 4 ). The normalization in each range is, however, smaller than the sudden limit in Ref. [73] since the evaporation takes finite time.
From Fig. 4 , we can also see that the shorter PBHdominated era (smaller η eq,2 /η eq,1 ) leads to the spectrum with a lower peak and a smaller-scale cutoff (large k NL ). The peak height is lowered because the shorter PBH-dominated era makes the given mode entering the horizon deeper in the eRD era (larger kη eq,1 for given kη eq,2 ), which makes the normalization factor smaller (see Figs. 3 and 11). The k NL becomes larger because the shorter PBH-dominated era delays the approach of the non-linearity. In summary, the deformation of the shape in the large k side in Fig. 4 for smaller values of η eq,2 /η eq,1 is due to the fact that the scalar source modes entered the horizon in the eRD era. We also plot Eq. (53) with dotted lines in Fig. 4 . We can see that the analytical formula fits the numerical results well around the peak.
V. EFFECTS OF FINITE-WIDTH MASS FUNCTION
So far, we have studied the GWs induced after the evaporation of monochromatic PBHs. It is, however, crucial to consider the effects of finite width of the PBH mass function since a broad mass spectrum of PBHs will not lead to a sufficiently sudden transition from the eMD era to the RD era.
Let us parametrize the initial mass function as follows:
In the last equality, we changed the variable for convenience for numerical calculations by using Eq. (5) and the relation t eva ∝ η 3 eva valid in a MD era and by neglecting η i ( η eva ). The energy density of the PBHs can be calculated by integrating the corresponding formula in the case of the monochromatic mass over the initial mass function, i.e.,
Here, we used t ∝ η 3 and neglected η i against η eva , so the expression is valid after the PBHs dominate the Universe. It would be time-consuming to calculate this integral at each time with simultaneously solving the differential equation to determine a(η). Therefore, we numerically record and interpolate the comoving PBH energy density ρ PBH (η)(a(η)/a(η i )) 3 as a function of conformal time for a given parameter set. Then, using it, we solve equations of motion for other quantities such as ρ r and perturbations.
Note that the lifetime of a BH is t eva ∼ M 3 PBH,i ∼ η 3 eva , so M PBH,i ∝ η eva . This means, in particular, if we assume the log-normal distribution for the PBH masses [117] , the distribution of η eva can also be written as the log-normal distribution with the same variance,
where η eva,0 is the central value of the evaporation time, and σ is its standard deviation. Note that the limit of the small variance (σ → 0) corresponds to the monochromatic PBH mass function, which is discussed in the previous section. Based on this log-normal distribution, we study the effect of a finite σ numerically in the following. Similarly to Sec. III, we can study the normalization factor S, which is nothing but the value of the transfer function of the gravitational potential Φ just after the evaporation. Its dependence on σ is shown as dots in Fig. 5 . These can be well fitted by
where c 2 0.18, as shown by the solid lines in Fig. 5 . We have also studied the k dependence of the normalization factor with a fixed finite σ and find the consistency with the above equation. (Note that the exponential dependence on σ may not be surprising since we introduced σ as the standard deviation of lnM PBH,i rather than that of M PBH,i .) This suppression in Eq. (58) can be understood as follows. As discussed in Ref. [72] , the GWs decouple from the source around when the time derivative and the wavenumber of the GW mode become comparable. This further implies that the induced GWs are suppressed if and only if the reheating transition time scale is longer than the time scale of the GW mode. 10 The former is ση eq,2 (for a small σ( 1)) and the latter is k −1 for the mode with its wavenumber k, so the criterion of non-suppression is kση eq,2 1. This is nothing but what Eq. (58) tells us. For a given σ, there should be an effective maximal k that is not significantly suppressed by the effect of the finite width σ: k σ ≡ (cση eq,2 ) −1 . The maximal k that allows enhancement and 10 TT thanks Misao Sasaki for illuminating discussion on this point. the linear analysis is k max ∼ min [k NL , k σ ] . Note that this implies that there will be no enhancement at all if σ = O (1) as k max ∼ η −1 eq,2 . The solid lines in Fig. 6 show the energy density parameters of induced GWs with different values of σ, which are numerically calculated with the approximation of S(k, σ) S low (k) exp −(cσkη eq,2 ) 2 . The dotted lines in Fig. 6 show the analytic approximation formula for the energy density parameter, which is given as
where Ω (res) GW (η c , k, 0) is given by Eq. (53) and G(z) is given with the parameter z = (cσkη eq,2 ) 2 as
where Erf denotes the error function. We explain the derivation of this approximation formula in Appendix D. From Fig. 6 , we can see that the approximation formula fits the numerical results well. Also, we see how small σ significantly reduces the strength of the induced GWs. We do not show the results with σ > 0.01, such as σ = 0.1, in Fig. 6 . For example, in the case of σ = 0.1, we find that the maximal wavenumber for the enhancement (k σ ) becomes k σ ∼ 20/η eq,2 . In this case, we cannot neglect the contribution during η < η eva in the function I , defined in Eq. (45), because the k σ is not far from 1/η eva . Therefore, a more detailed analysis is needed to obtain the plots for σ = O (0.1), which is left for future work. Having said that, we have numerically confirmed that the energy density parameter for the induced GWs with σ = 0.1 is enhanced by one order of magnitude around the peak scale even if we neglect the contribution during η < η eva in the function I .
VI. CONSTRAINTS ON PBH ABUNDANCE
In previous sections, we have shown that the enhancement of the induced GWs can be caused by PBH evaporation. Here, we discuss the constraints on the initial PBH abundance β through measurements of the enhanced induced GWs.
In Fig. 7 , we show the energy density parameters of the GWs induced by the scalar perturbations with A s = 2.1 × 10 −9 , k * = 0.05 Mpc −1 , and n s = 0.96 [94] . Since the evaporation time η eva is determined by the initial mass of PBHs, as in Eqs. (7) and (8), the peak scale of the induced GWs also depends on the PBH mass. From this figure, we can see that, even if the power spectrum of the curvature perturbations is almost scale invariant up to k NL , 11 FIG. 6. Dependence of the induced GWs on the width of PBH mass function, which is parametrized by Eq. (57) with σ. We take η eq,2 /η eq,1 = 225 for all lines and take σ → 0 (top), σ = 0.005 (middle), and 0.01 (bottom). We assume the same power spectrum of curvature perturbations as in Fig. 4 , which is given by Eq. (52) with n s = 1 (the plot for σ → 0 is the same as the plot for η eq,2 /η eq,1 = 225 in Fig. 4 ). We also show the analytic approximation formulas for the resonance peak, given in Eq. (59), with dotted lines.
be observed by future detectors, such as DECIGO, BBO, and LISA, depending on the mass function of PBHs.
As shown in Figs. 4, 6, and 7, the spectrum Ω GW of the GWs induced after evaporation has a unique shape. On the largest scales, the slope is twice as that of the primordial curvature perturbations, k 2(n s −1) . This contribution is produced much after the evaporation. When k becomes large, Ω GW increases as k 3 up to k eva ( k eq,2 ), and then becomes approximately k 1 . Note that k eva has a simple dependence on the PBH mass, k eva ∝ T R ∝ M −3/2 PBH,i (see Eqs. (7) and (8)). The resonance peak starts with the steep slope k 7 . The larger k side of the spectrum depends significantly on the period of the PBH-dominated era, which is controlled by β, and the width of the mass function. Note, however, that the spectral shape of the large k side is not robust when we consider k k NL . Since k NL is the cutoff to avoid the nonlinearity of the density perturbations, the value of Ω GW should be regarded as a lower bound on the strength of the GWs rather than the precise prediction.
Following the same procedure as in Ref. [65] , we calculate the signal-to-noise ratio for each project and derive the region of β that can be constrained by the future GW projects. Here, we assume the power spectrum of curvature perturbations that is taken in Fig. 7 (A s = 2.1×10 −9 , k * = 0.05 Mpc −1 , and n s = 0.96). The signal-to-noise ratio is given by [118] 
where T obs is the observation time, and ( f min , f max ) is the range of observable frequencies for each project. Ω GW,eff is the effective sensitivity curve for each project. To show the potential of each observation, we assume the perfect subtraction of foreground here (see e.g. Ref. [119] for subtrac- tion techniques). 12 In Fig. 7 , we plot Ω GW,eff h 2 / T obs f /10 as benchmark sensitivities of the future projects for stochastic GWs, where we take T obs = 18 years for EPTA, T obs = 20 years for SKA, and T obs = 1 year for the others as fiducial values (see Ref. [65] for details). 13 To save the computational time, we use the analytical formulas given in Eqs. (53) and (59) . Since the peak scale and height of the GW spectrum are determined by the mass of PBHs and the length of the PBHdominated era, which is parametrized by η eq,2 /η eq,1 , we first obtain the minimum value of η eq,2 /η eq,1 which makes the signal-to-noise ratio unity (SN R = 1) for each PBH mass and each observation. 14 After that, using Eq. (17), we derive the curves for the PBH abundance (β) that can be probed by future observations. Figures 8 and 9 show the results of the signal-to-noiseratio analysis for T obs = 1 year and 10 years, respectively. From these figures, we can see that if the mass function is narrow as σ 0.01, the future observations could 12 The extragalactic foreground from binary white dwarfs and main sequence stars might be difficult to be subtracted [120] [121] [122] . Since the foreground could contaminate the sensitivity curves in f < O (0.1)Hz, the constraints on the abundance of PBHs with M PBH,i 10 4 g might be affected by the foreground. 13 Note that, even if there is no intersection between the GW spectrum and the sensitivity curves in Fig. 7 , the signal-to-noise ratio could be larger than unity because the ratio is defined as Eq. (61). This is why we regard the curves as benchmark ones. 14 Strictly speaking, the increase of η eq,2 /η eq,1 does not necessarily mean the increase of SN R at least in our analysis. This is because the smaller η eq,2 /η eq,1 leads to the smaller cutoff scales (see Fig. 4 ). However, in this paper, we assume for simplicity that the induced GWs from the nonlinear perturbations (k > k NL ) should be larger than the induced GWs from the linear perturbations in the case of the shorter PBH-dominated era, which leads to the smaller cutoff scales. This is why we consider the minimum value of η eq,2 /η eq,1 to realize SN R = 1.
constrain the initial PBH fraction, β, even for the almost scale-invariant spectrum of curvature perturbations. In the narrow limit of the mass function (σ → 0), the future projects could constrain the abundance of the PBHs with β > O (10 −5 − 10 −8 ) in 2 × 10 3 g M PBH,i 4 × 10 5 g. For example, the one-year observation of DECIGO can put the upper bound on β as β 10 −7 (M PBH,i /10 4 g) −1 in 2 × 10 3 g M PBH,i 2 × 10 5 g. The PBH mass dependence of the upper bound on β can be understood as follows. The amplitude of the induced GWs is mainly determined by the parameter η eq,2 /η eq,1 , which is only related to β/β min (see Eq. (17)) and the parameter β min is proportional to M −1 PBH,i (see Eq. (14)). Then, the upper bound has the mass dependence β ∝ M −1 PBH,i . Note that if we consider the blue-tilted power spectrum of the curvature perturbations, the future observations could detect the induced GWs that are related to the PBH evaporation with a wider mass function. This is because the enhancement should exist as long as σ < 1 holds and because the amount of the induced GWs also depends on the amplitudes of the curvature perturbations on small scales. In the regions above the lines, the GWs can be measured. We assume the almost scale-invariant power spectrum of curvature perturbations (see the text). The outermost line shows the result for σ → 0 and the difference of σ between two adjacent lines is 0.001. We omit lines for BBO to make this figure simple, but the results are almost the same. We take the signal-to-noise ratio as unity for all lines (SN R = 1). Note that LISA cannot investigate the abundance of the tiny PBHs with its one-year observation in this setup.
VII. DISCUSSIONS AND CONCLUSIONS
In this paper, we have shown that scalar perturbations can produce a large amount of GWs soon after the evaporation of the tiny PBHs (M PBH < 10 9 g) if the PBH mass function is sufficiently narrow. The enhancement of the induced GWs occurs if the PBHs come to dominate the Universe by the time of its evaporation. The Universe is dominated by PBHs in the early Universe if the initial fraction of PBHs in the total energy density is large enough at their production (see Eq. (14)), and the PBH-dominated era ends with the Hawking evaporation of the PBHs. We have carefully taken into account the evolution of the gravitational potential, source of the induced GWs, during the transition from the PBH-dominated era to the RD era and calculated the amplitude of the induced GWs. As a result, we have found that the induced GWs can be observed by future detectors, such as DECIGO, BBO, and LISA, depending on the PBH mass function.
A physical picture of this phenomenon, the Poltergeist mechanism, is given as follows. In the PBH-dominated era, the fluctuation of the number density of PBHs grows since the pressure in the Universe is negligible. These fluctuations are converted to the sound waves on the thermal bath by the reheating due to PBH evaporation. Then, the oscillations of the sound waves and the associated oscillations of the gravitational potential produce the GWs by the resonance effect as the dominant production channel. Here, it is crucial to have an unsuppressed amplitude for the gravitational potential (enhanced amplitudes for the sound waves) to produce the enhanced GWs, and this is realized by the sudden reheating transition. The evaporation rate of the PBH increases as time goes by because the Hawking temperature of the PBH is proportional to the inverse of its mass, which leads to a rapid instability and realizes the sudden reheating transition. The sudden transition prevents the otherwise large suppression of the gravitational potential during the transition and leads to the fast oscillations of the gravitational potential with the amplitude not suppressed much. The fast oscillations of the gravitational potential enhance the induced GWs. Note that the degree of suddenness strongly depends on the width of PBH mass function, and the narrow mass function is required for the induced GWs to be detectable by the future observations.
Another interesting point of the GWs produced by the Poltergeist mechanism is that the typical frequency is not directly determined by the size of a single PBH, but it is determined by the typical wavelength of the fluctuations which enters the horizon by the end of the reheating imply-tion with T PBH ∼ O (10 8 -10 10 ) GeV (see Eq. (3)) [22, 23] . In addition, the evaporating PBHs could relax the Hubble tension [26] [27] [28] and also they are predicted in some inflationary and particle physics models [36] [37] [38] [39] [40] [41] [42] . From this perspective, our result could be a key to elucidate the mysteries of modern Cosmology in the near future.
Note, however, that the applicability of the analytic formula of the merger probability to the f PBH ≈ 1 case is questioned in Ref. [130] where discrepancies between the analytic estimate and N -body numerical simulations were found. The simulations tell us that the binaries tend to be disrupted by an N -body cluster of surrounding PBHs (formed by Poisson fluctuations) and lose eccentricity. This implies that the binary lifetime becomes longer and that the merger rate is suppressed. It is not clear to us whether this also applies to the tiny PBH cases since the investigated mass ranges are different in 30 orders of magnitude.
By substituting Eq. (B3) into Eq. (B2), we get the merged fraction just before evaporation [48] F merged ≡ Ω merged PBHs Ω total PBHs    1 29 37 t eva 
For the fiducial values f PBH = 1 and M PBH,i = 10 4 g, F merged = 5%, 14%, and 39% if we take β = 10 −7 , 10 −6 , and 10 −5 , respectively. The mass of once merged PBHs is approximately 2M PBH,i . The lifetime of these PBHs is 2 3 = 8 times longer than the original PBHs. By the time of their evaporation, the scale factor increases by a factor of 8. If the merged fraction is less than 1/ 8 ≈ 35%, the merged PBHs evaporate before they dominate the energy density and therefore they are harmless. In this sense, β ∼ 10 −5 is roughly the critical abundance for which the effect of the merger is significant. We stress again that this estimation is based on the assumption that the binary is never disrupted after their formation until their merger, which is questioned in Ref. [130] for f PBH = 1 and for M PBH,i = O (10)M .
Revisiting GWs from merger events with "IR cutoff"

